ABSTRACT. We study mappings f : (a, b) → Y with finite dilation having Lebesgue integrable majorant, where Y is a real normed vector space. We construct Lipschitz mapping f : (a, b) → Y , dim Y = ∞, which is nowhere differentiable but its graph has everywhere trivial contingent. We show that if the contingent of the graph of a mapping with finite dilation is a nontrivial space, then f is almost everywhere differentiable.
Definitions and preliminaries
Let Y be a real normed space. Let f : (a, b) → Y be a mapping with finite dilation, i.e., ∀x ∈ (a, b) : lim sup
If dim Y < ∞, then it is well-known that f is almost everywhere differentiable. In the case of infinite dimension of the space Y this is no longer true. First, we will give auxiliary definitions and theorems required to prove the main theorem.
Ò Ø ÓÒ 1.1 ([9] )º Let ∅ = M ⊂ Z, where Z is a normed space, and z ∈ clM .
The set
is called a tangent cone to M at the point z and is denoted Tan(M, z). Elements of Tan(M, z) are called vectors tangent to M at z. The set Tan(M, z) is also called a contingent of M at z (for other definitions of Tan(M, z), see, e.g., [2] , [4] , [5] , [8] ).
Let X, Y be real normed spaces. Gr(ϕ) will denote the graph of a mapping ϕ : E → Y, E ⊂ X, and 0 Y will stand for a zero vector of the space Y. We will need the following lemmas and definitions. 
Let X = ∅, Σ be a σ-field of subsets of the space X and let μ : Σ → [0, ∞) be a measure. From now, let Y be a Banach space and X be a normed space with a finite measure μ. 
where
exists a sequence of step functions (ϕ n ) n∈N such that lim n→∞ ϕ n − ϕ = 0 μ-almost everywhere ( · is sup norm in the space of bounded functions). In this case, the integral E ϕ dμ is defined uniquely for each E ∈ Σ in the following way 
Consequently, for almost all s ∈ (a, b),
is absolutely continuous on (a, b).
P r o o f. Suppose that the mapping g is not constant. There exist
Main result
In this section, we will show that if the contingent is not trivial at each point of Gr(f ), then f is almost everywhere differentiable provided that f satisfies some simple conditions (e.g., Lipschitz, finite dilation).
Let us consider the following question. Must the mapping f : (a, b) → Y, Y normed space, dim Y = ∞, with finite dilation be almost everywhere differentiable?
Professor B. K i r c h h e i m suggested to investigate the following example.
Example 2.1. There is a nowhere differentiable mapping with finite dilation and with trivial contingent at every point. Let us consider
Finite dilation is evident from the definition of K, since
Next, we will show that K is nowhere differentiable indeed. Suppose to the contrary that there exists a point t ∈ (0, 1) and there exists a mapping y ∈ L 1 [0, 1] such that K (t) = y. In other words,
First, assume that h > 0. We have
|y(τ )| dτ.
ON DIFFERENTIABILITY OF MAPPINGS WITH FINITE DILATION
This yields, by (2.1), that
It follows that y = 0 almost everywhere on [0, 1]. Therefore,
which contradicts (2.1). The case h < 0 is similar. Hence,
Now, we will check that the contingent of the graph of K is trivial at each point t, K(t) , which means that it is zero vector 0, 0
Then, by Definition 1.1, there exist sequences
First, assume that t n > t. Then, K(t n )−K(t) = χ (t,t n ] . Therefore,
On the other hand, for each n ∈ N, we get
whence by (2.2),
we obtain w = 0 L 1 [0,1] almost everywhere, and therefore
It follows by (2.2) that α = 0. The case t n < t is treated analogously and yields the same result. We con- 
Under these assumptions, f is almost everywhere differentiable.
P r o o f. Let t ∈ (a, b) and assume that α(t), w(t) ∈ Tan Gr(f ), (t, f (t)) is a non-zero vector. Such a vector exists by assumption that the contingent is not trivial. By Definition 1.1 there exists a sequence (t n ) n∈N , t n ∈ (a, b), t n → t, and there exists a sequence (
This follows at once from condition (1) because
4) Set v(t) to denote this vector w(t) α(t)
. Note that, since dim Tan Gr(f ), (t, f (t)) = 1, it is clear that v(t) is defined uniquely for each t ∈ (a, b) and we have
(2.5)
ON DIFFERENTIABILITY OF MAPPINGS WITH FINITE DILATION
Next, we will show that the mapping v :
. It follows by (1) that
Since y * •f is real-valued, it is differentiable almost everywhere on (a, b). Let y *
•f be differentiable at t ∈ (a, b), and (t n ) n∈N be a sequence, t n ∈ (a, b), t n → t, such that (cf. (2.4) )
Then, clearly,
Therefore,
Thus, y * • f satisfies Lusin condition (N) (by (2.6) and Theorem 4.6 from [8] ) which yields together with (1) and Theorem 7.7 from [8] that
Due to (2.7), it follows that y * • v is measurable, hence v is weakly measurable. Since Y is separable and v is weakly measurable, we get by Theorem 1.6 that the mapping v is measurable, i.e., there exists a sequence (v n ) n∈N of step It follows that v n → v almost everywhere on (a, b). However, for each n ∈ N, the mapping t → v n (t) is measurable (it is a finitely-valued real function,
Fix t 0 ∈ (a, b) and consider the mapping F : (a, b) → Y defined by . By Lemma 1.16, F + f is constant. Since F is almost everywhere differentiable, we conclude that so is f.
Remark 2.3º
In particular, if f is Lipschitz (in Theorem 2.2) and (2) is fulfilled, then condition (1) is obviously satisfied, whence f is almost everywhere differentiable and v is bounded. Also observe that the mapping g (in Theorem 2.2) may be considered only locally integrable.
